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Abstract
A dessin is a 2-cell embedding of a connected 2-coloured bipartite graph into an
orientable closed surface. A dessin is regular if its group of colour- and orientation-
preserving automorphisms acts regularly on the edges. In this paper we employ
group-theoretic method to determine and enumerate the isomorphism classes of reg-
ular dessins with the complete bipartite underlying graphs of odd prime power order.
Keywords graph embedding, dessin d’enfant, metacyclic group.
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1 Introduction
A dessin D is an embedding i : X →֒ C of a 2-coloured connected bipartite graph X into
an orientable closed surface C such that each component of C \ i(X) is homeomorphic to
an open disc. An automorphism of a dessin D is a permutation of the edges which pre-
serves the graph structure and vertex-colouring, and extends to an orientation-preserving
self-homeomorphism of the supporting surface. The set of automorphisms forms the au-
tomorphism group of D under composition, and it acts semi-regularly on the edges. If
this action is transitive, and hence regular, then the dessin is called regular as well.
For a given dessin D, following Lando and Zvonkin [25] the reciprocal dessin D∗ of
D is the dessin obtained from D by interchanging the vertex colours of D. It follows
that D∗ has the same underlying graph, the same automorphism group and the same
supporting surface as D. Thus dessins with a given bipartite graph X appear in reciprocal
pairs (D,D∗). In particular, a regular dessin D is symmetric if D is isomorphic to D∗.
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It follows that symmetric dessins possess an external symmetry transposing the vertex
colours and therefore may be viewed as (arc)regular bipartite maps.
It is well known that compact Riemann surfaces and complex projective algebraic
curves are equivalent categories. By the Riemann Existence Theorem [25, Theorem 1.8.14]
every dessin on an orientable closed surface C determines a complex structure on C
which makes it into a Riemann surface defined over an algebraic number field. By Belyˇı’s
Theorem [1] the inverse is also true: if a curve C can be defined over some algebraic number
field, then its complex structure can be obtained from a dessin on C. The absolute Galois
group G = Gal(Q¯/Q) acts naturally on the curves defined over Q¯, the field of all algebraic
numbers. Grothendieck observed that this action induces a faithful action of G on the
associated dessins [14]. González-Diez and Jaikin-Zapirain have recently shown that this
action remains faithful even when restricted to regular dessins [12]. Thus one can study
G through its action on such simple and symmetrical combinatorial objects as regular
dessins.
Regular dessins with complete bipartite underlying graphs will be called complete
regular dessins. Because the algebraic curves associated with complete regular dessins
may be viewed as generalization of Fermat curves, it is important to study complete
regular dessins and the associated curves [21].
The classification of complete regular dessins is an open problem in this field, posed
by Jones in [18]. In this direction, complete symmetric dessins have been classified in a
series of papers [6, 7, 17, 19, 20, 23, 24, 26]. As for the general case, it has been shown
that there exists a one-to-one correspondence between the following three categories: the
isomorphism classes of complete regular dessins, equivalence classes of exact bicyclic group
factorisations and certain pairs of skew-morphisms of the cyclic groups [11].
The correspondence between complete regular dessins and exact bicyclic group fac-
torisations establishes a group-theoretic method to classify and enumerate the complete
regular dessins. Following this method, it was shown in [8] that the graph Km,n underlies
a unique edge-transitive embedding if and only if gcd(m,φ(n)) = gcd(n, φ(m)) = 1 where
φ is the Euler’s totient function.
The symmetric and nonsymmetric complete regular dessins with underlying graphs
Kpe,pe have been classified in [20] and [4]. Recently, the edge-transitive circular embeddings
ofKpe,pf have been determined in [9], where a circular embedding is a map whose boundary
walk of each face is a simple cycle without repeated edges. In this paper we consider
the classification and enumeration of complete regular dessins of odd prime power order
without any additional restriction. Our main result is the following
Theorem 1. Let p be an odd prime, and let ν(d, e) denote the number of isomorphism
classes of reciprocal pairs of regular dessins with complete bipartite underlying graphKpd,pe,
0 ≤ d ≤ e. Then
(i) if d = 0 then ν(d, e) = 1,
(ii) if 0 < d = e then ν(d, e) = 1
2
pe−1(1 + pe−1),
(iii) if 0 < d < e then ν(d, e) = p2d−1.
Moreover, in each case the dessins have type (pd, pe, pe) and genus 1
2
(pd − 1)(pe − 2).
Remark 1. Dessins from (i) are exceptional, in the sense that their automorphism groups
are cyclic, whereas dessins from (ii) and (iii) have noncylcic metacyclic automorphism
groups; see Theorem 12. Moreover, up to isomorphism there are p2(e−1) complete regular
dessins from (ii), and among them pe−1 are symmetric. Thus by the results obtained
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in [9] we may conclude that all edge-transitive embeddings of Kpe,pe are circular embed-
dings. Finally, the most interesting case is (iii) where we find that the number ν(d, e) is
independent of the larger exponent parameter e.
2 Preliminaries
In this section we collect some group-theoretic notations and results be to be used later,
and sketch the algebraic theory on regular dessins with complete bipartite underlying
graphs.
Let G be a finite p-group of exponent exp(G) = pe. For 0 ≤ i ≤ e we define
℧i(G) = 〈g
pi | g ∈ G〉 and Ωi(G) = 〈g ∈ G | gp
i
= 1〉.
The lower power series and the upper power series of G are defined to be
G = ℧0(G) ≥ ℧1(G) ≥ ℧2(G) ≥ · · · ≥ ℧e(G) = 1.
and
1 = Ω0(G) ≤ Ω1(G) ≤ Ω2(G) ≤ · · · ≤ Ωe(G) = G.
For a positive integer i, a finite p-group G is called pi-abelian if for any x, y ∈ G,
(xy)p
i
= xp
i
yp
i
.
It is clear that G is pi-abelian if and only if the mapping πi : G 7→ G, a 7→ ap
i
is a group
homomorphism, and that for positive integers i < j, if G is pi-abelian then it is also
pj-abelian. Moreover, a finite p-group G is called regular if for any x, y ∈ G there exists
z ∈ ℧1(〈x, y〉
′) such that
(xy)p = xpypz
where 〈x, y〉′ denotes the derived subgroup of the group generated by x and y. The
following result relates pi-abelianness with regularity:
Lemma 2. [27, Lemma 5.1.7] Let G be a finite p-group with ℧i(G′) = 1 where i is a
positive integer. If G is regular, then it is pi-abelian.
Regular p-groups possess the following important property.
Lemma 3. [16, Theorem 10.5, III] Let G be a finite p-group. If G is regular, then for
any integer i ≥ 1 and any elements x, y ∈ G, (xy−1)p
i
= 1 if and only if xp
i
= yp
i
.
A finite group G will be called (m,n)-bicyclic if G can be factorised as a product
G = 〈a〉〈b〉 of two cyclic subgroups 〈a〉 and 〈b〉 of orders m and n. In particular, if
〈a〉 ∩ 〈b〉 = 1, then the factorisation G = 〈a〉〈b〉 will be termed exact, and in these
circumstances, both the generating pair (a, b) and the triple (G, a, b) will be called exact
(m,n)-bicyclic. Moreover, if G has an automorphism transposing a and b, then the pair
(a, b) and the triple (G, a, b) will be called exact n-isobicyclic. Two exact (m,n)-bicyclic
triples (Gi, ai, bi) (i = 1, 2) will be called equivalent if the assignment a1 7→ a2 and b1 7→ b2
extends to a group isomorphism G1 → G2.
Given an exact (m,n)-bicyclic triple (G, a, b), one may construct an (m,n)-complete
regular dessin as follows: First define a bipartite graph X by taking the edges to be the
elements of G, and the black and white vertices to be the cosets of g〈a〉 and g〈b〉 of 〈a〉
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and 〈b〉 in G, with incidence given by containment. Since G = 〈a〉〈b〉, the cosets can be
written as
U = {bi〈a〉 | i = 0, 1, . . . , n− 1} and V = {aj〈b〉 | j = 0, 1, . . . , m− 1}.
It is clear that X is the complete bipartite graph Km,n. Moreover, the right multiplication
of a and b defines a cyclic order
(bia, bia2, . . . , biam−1) and (ajb, ajb2, . . . , ajbn−1)
of the edges around the vertices bi〈a〉 and aj〈b〉 ofX, and these local orientations determine
an embedding of Km,n into an oriented surface. The left multiplication of G induces
a regular action of G as a group of dessin automorphisms on the edges. Conversely,
every (m,n)-complete regular dessin arises in this way. In particular, the (m,n)-complete
regular dessin is symmetric if and only if the corresponding triple (G, a, b) is exact n-
isobicyclic. To summarize we have
Proposition 4. [11] The automorphism group of an (m,n)-complete regular dessin is an
exact (m,n)-bicyclic group, and for any exact (m,n)-bicyclic group G, the isomorphism
classes of (m,n)-complete regular dessins with automorphism group isomorphic to G are in
one-to-one correspondence with the equivalence classes of exact (m,n)-bicyclic generating
pairs of G. In particular, the symmetric (n, n)-complete regular dessins correspond to
exact n-isobicyclic pairs of G.
Proposition 5. Let G be an exact (m,n)-bicyclic group, and let P(G) and B(G) de-
note the sets of exact (m,n)-bicyclic pairs and exact n-isobicyclic pairs of G if m = n,
respectively. Define
ν(G) =
|P(G)|
|Aut(G)|
and ν0(G) =
|B(G)|
|Aut(G)|
.
Then
(i) if m = n, then up to isomorphism Kn,n underlies ν(G) regular dessins and ν0(G)
symmetric regular dessins;
(ii) if m 6= n, then up to isomorphism Km,n underlies ν(G) reciprocal pairs of regular
dessins.
Proof. We note that if Km,n underlies an (m,n)-complete regular dessin D, it also under-
lies an (n,m)-complete regular dessin D∗, the reciprocal dessin of D obtained by swapping
the vertex colours of D. Accordingly, every exact (m,n)-bicyclic pair (a, b) of G corre-
sponds to an exact (n,m)-bicyclic pair (b, a) of G. In particular, D is symmetric if and
only if D ∼= D∗, or equivalently, the pair (a, b) is exact n-isobicyclic.
Since the action of Aut(G) on the set P(G) is semi-regular, by Proposition 4 the
number ν(G) defined above is the number of isomorphism classes of (m,n)-complete
regular dessins with automorphism group isomorphic to G. If m = n, then ν(G) is
precisely the number of isomorphism classes of regular dessins with underlying graph
Kn,n and automorphism group isomorphic to G, of which the number of symmetric ones
is ν0(G). On the other hand, ifm 6= n then every (m,n)-complete regular is not isomorphic
to any (n,m)-complete regular dessin. Since complete regular dessins occur in reciprocal
pairs, ν(G) is equal to the number of reciprocal pairs of regular dessins with underlying
graphs Km,n and with automorphism group isomorphic to G, as claimed.
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Example 1. For the abelian group defined by the presentation
G = 〈a, b | am = bn = [a, b] = 1〉,
the triple (G, a, b) determines a reciprocal pair of regular dessins with underlying graph
Km,n, and every exact (m,n)-bicyclic triple of G is equivalent to (G, a, b). Therefore, the
graph Km,n underlies at least one reciprocal pair of regular dessins. In [11, Corollary 10]
it is shown that Km,n underlies a unique reciprocal pair of regular dessins if and only if
gcd(m,φ(n)) = gcd(n, φ(m)) = 1; see also [8]. In case of m = 1 the group G is cyclic,
and the underlying graph of the corresponding unique reciprocal pair of complete regular
dessins is the n-star K1,n.
3 Exact bicyclic p-groups
In this section for odd primes p we classify the automorphism groups of regular dessins
with complete bipartite underlying graphs Kpd,pe.
The following result is fundamental.
Lemma 6. [16, Theorem 11.5, III] Let p > 2 be a prime. If G is a finite bicyclic p-group,
then G is metacyclic.
The following Hölder’s Theorem on metayclic group is well known.
Lemma 7. [28, Theorem 20] A metacyclic group G with cyclic normal subgroup N of
order n and with cyclic factor group F of order m has two generators x, y with the defining
relations
G = 〈x, y | xn = 1, ym = xt, y−1xy = xr〉 (1)
and with the numerical conditions
rm ≡ 1 (mod n) and t(r − 1) ≡ 0 (mod n). (2)
Conversely, for any positive integers m,n, r and t satisfying the numerical conditions in
(2), a metacyclic group of order mn with the previous given properties is defined by the
three relations in (1).
Note that if p > 2 then every finite p-group with cyclic derived subgroup is regular [16,
Theorem 10.2, III]; thus by Lemma 6 every finite bicyclic p-group is a regular p-group.
Lemma 8. Let p > 2 be a prime. If G is metacyclic, then G admits an exact bicyclic
factorisation.
Proof. It is evident that every split metacyclic p-group admits an exact bicyclic factorisa-
tion, so it suffices to consider non-spit metacyclic p-group G. Without loss of generality
we may assume that G has a presentation
G = 〈a, b | ap
l
= 1, ap
m
= bp
n
, ab = ar〉,
where 1 ≤ m < l. By Proposition 3 If m ≥ n then ba−p
m−n
= 1 and G = 〈a〉〈ba−p
m−n
〉,
whereas if m < n then ab−pn−m = 1 and G = 〈b〉〈ab−pn−m〉. By the product formula in
either case the factorisation must be exact.
The following technical results will be useful.
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Lemma 9. [5] Let G be a bicyclic p-group with a bicyclic factorisation G = 〈α〉〈β〉 where
|α| ≥ |β|. Then exp(G) = |α|. In particular if the factorisation is exact, then for every
exact bicyclic factorisation G = 〈α′〉〈β ′〉 with |α′| ≥ |β ′| we have |α′| = |α| and |β ′| = |β|.
Lemma 10. [15, lemma 9] Let G = AB be a finite abelian group, then G is cyclic if and
only if gcd(|A|/|A ∩B|, |B|/|A ∩ B|) = 1.
Lemma 11. [27, Lemma 6.2.3] Let p be an odd prime, and n a positive integer. Then the
multiplicative group U(pn) of Zpn is cyclic of order φ(p
n) = pn−1(p − 1), and its unique
subgroup of order pi (0 ≤ i ≤ n − 1) consists of elements of the form kpn−i + 1 where
k ∈ Zpi.
The following theorem classifies the automorphism groups of (pd, pe)-complete regular
dessins for odd primes p.
Theorem 12. Let p > 2 be a prime, and let d and e be positive integers, d ≤ e. Then
the automorphism group G of a complete regular dessin with underlying graph Kpd,pe is
isomorphic to one of the following groups:
(i) M1(d, e, f) = 〈a, b | ap
e
= bp
d
= 1, ab = a1+p
f
〉 where either 1 ≤ d ≤ f ≤ e ≤ d+ f ,
or 1 ≤ f < d < e ≤ d+ f .
(ii) M2(d, e, f) = 〈a, b | ap
d
= bp
e
= 1, ab = a1+p
f
〉 where 1 ≤ f < d < e.
(iii) M3(d, e, h, f) = 〈a, b | ap
h
= 1, bp
d+e−h
= ap
d
, ab = a1+p
f
〉 where h − d ≤ f < d <
h < e.
Moreover, the groups are pairwise non-isomorphic.
Proof. By Proposition 4 the group G admits an exact (pd, pe)-factorisation G = AB where
A ∼= Cpd, B ∼= Cpe and A∩B = 1. If G is abelian then G ∼= M1(d, e, e). In what follows we
assume that G is non-abelian. By Lemma 6 G is metacyclic and so regular [16, Theorem
10.2, III]. Thus G has a cyclic normal subgroup N of order ph such that the quotient group
G/N = A¯B¯ is cyclic where A¯ = AN/N and B¯ = BN/N . By Lemma 9, exp(G) = pe, so
h ≤ e. Since G¯ is a p-group, by Lemma 10 either G = AN or G = BN . We distinguish
two cases:
Case (1). G = AN .
Since
pe ≥ ph = |N | ≥ |N : N ∩A| = |AN : A| = |G : A| = |B| = pe,
we get h = e and |N ∩ A| = 1, so G = N ⋊ A ∼= Cpe ⋊ Cpd. By Hölder’s Theorem G has
a presentation
G = 〈a, b1 | a
pe = bp
d
1 = 1, a
b1 = ar〉,
where rp
d
≡ 1 (mod pe) and r 6≡ 1 (mod pe). By Lemma 11 we may assume that r =
1+ kpf where k ∈ Z∗
pe−f
, 1 ≤ f < e ≤ d+ f . Let k′ be the modular inverse of k in Zpe−f ,
then ab
k′
1 = a(1+kp
f )k
′
= a1+p
f
. Replacing bk
′
1 with b we obtain the groups in (i) where
1 ≤ f < e ≤ d+ f .
Case (2). G = BN .
If N∩B = 1 then as before it is easy to show that |N | = pd and G = N⋊B ∼= Cpd⋊Cpe,
so G ∼= M2(d, e, f). In what follows we assume that N ∩ B > 1, then
pe+d = |G| = |BN | = |N ||B|/|N ∩B| = ph+e/|N ∩B|,
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so |N ∩ B| = ph−d where 1 ≤ d < h ≤ e. Then G has a presentation
G = 〈a1, b1 | a
ph
1 = b
pe
1 = 1, b
pd+e−h
1 = a
spd
1 , a
b1
1 = a
1+kpf
1 〉,
where s and k are positive integers coprime to p, 1 ≤ f < h. Replacing ask
′
1 with a and b
k′
1
with b where k′ is the modular inverse of k in Zph−f the presentation of G is transformed
to the form
G = 〈a, b | ap
h
= bp
e
= 1, bp
d+e−h
= ap
d
, ab = a1+p
f
〉.
Since apd = (apd)b = (ab)pd = apd(1+pf ), we have pf ≡ 0 (mod ph−d), and so h ≤ d+ f . In
what follows we distinguish three subcases:
If h = e, then bpd = apd, so by Proposition 3 (a−1b)pd = 1. Thus G = 〈a, b〉 =
〈a, a−1b〉 ∼= Cpe ⋊ Cpd, which is a group in (i).
If h < e and d ≤ f , then G′ = 〈[a, b]〉 = 〈apf 〉 ≤ 〈apd〉 = 〈bpd+e−h〉 ≤ 〈b〉, so 〈b〉 E G.
By Proposition 3 we have (b−pe−ca)pd = 1, so G = 〈a, b〉 = 〈b, b−pe−ca〉 ∼= Cpe ⋊ Cpd, again
a group in (i).
We are left with the subcase where h < e and f < d, and we obtain the groups
M3(d, e, h, f) in (iii).
Finally, to determine the isomorphism relations between the groups in (i)–(iii), we
summarize the invariant types of G′ and G/G′ in Table 1.
Table 1: Invariant types of G′ and G/G′
Group G′ G/G′ Condition
M1(d, e, f) Cpe−f Cpf × Cpd 1 ≤ d ≤ f ≤ e ≤ d + f
or 1 ≤ f < d < e ≤ d+f
M2(d, e, f) Cpe−f Cpf × Cpe 1 ≤ f < d < e
M3(d, e, h, f) Cph−f Cpf ×Cpe+d−h h− d ≤ f < d < h < e
Note that each of the groups has exponent pe and order pd+e. It is easily seen from the
table that the groups from distinct families, or from the same family but with distinct
parameters, are not isomorphic.
4 Exact bicyclic pairs and automorphisms
In this section for the groups G determined in Theorem 12 we determine the set P(G) of
exact (pd, pe)-bicyclic pairs (α, β) and the set Aut(G) of automorphisms of G.
The following technical result will be useful.
Lemma 13. For the groups given in Theorem 12, the following statements hold true:
(i) The group G = M1(d, e, f) is pe−f -abelian and Z(G) = 〈ap
e−f
〉〈bp
e−f
〉.
(ii) The group G = M2(d, e, f) is pd−f -abelian and Z(G) = 〈ap
d−f
〉〈bp
d−f
〉.
(iii) The group G = M3(d, e, h, f) is ph−f -abelian and Z(G) = 〈ap
h−f
〉〈bp
h−f
〉.
Proof. To prove (i), we note that G′ = 〈ap
f
〉 ∼= Cpe−f , so ℧e−f(G′) = 1. Hence by
Lemma 2 the group G is pe−f -abelian. It can be easily verified that Z(G) = 〈gp
e−f
, hp
e−f
〉.
The proof for other cases is similar and is left to the reader.
Lemma 14. Let α = biaj and β = bkal where a, b are the generators of the group G given
in Theorem 12, then
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(i) for G = M1(d, e, f), if (α, β) is an exact (pd, pe)-bicyclic pair of G, then either d = e
and p ∤ (il − jk), or d < e, pe−d | j and p ∤ il;
(ii) for G = M2(d, e, f), if (α, β) is an exact (pd, pe)-bicyclic pair of G, then pe−d | i and
p ∤ jk;
(iii) for G = M3(d, e, h, f), if (α, β) is an exact (pd, pe)-bicyclic pair of G, then pe−h‖i,
ph−d | (j + i/pe−h) and p ∤ jk.
Conversely, in each case if the numerical conditions are satisfied, then (α, β) is an exact
(pd, pe)-bicyclic pair of G.
Proof. By the product formula G = 〈α〉〈β〉 is an exact (pd, pe)-bicyclic factorisation of
G if and only if |α| = pd, |β| = pe and 〈α〉 ∩ 〈β〉 = 1. Note that if (α, β) is an exact
(pd, pe)-bicyclic pair of G, then by Burnside’s Basis Theorem il − jk 6≡ 0 (mod p).
For G = M1(d, e, f), if d = e then the result is obvious; see also [4]. Now consider
the case d < e. First assume that (α, β) is an exact (pd, pe)-bicyclic pair of G, then by
Lemma 13(i) G is pe−f -abelian. Since e− f ≤ d ≤ e, by Proposition 2 we have
1 = αp
d
= (biaj)p
d
= bip
d
ajp
d
= ajp
d
,
so j ≡ 0 (mod pe−d), and hence il 6≡ 0 (mod p). Conversely, assume the congruences,
then it can be easily verified that |α| = pd and |β| = pe. It suffices to prove that
〈α〉 ∩ 〈β〉 = 1. This is equivalent to that 〈αpd−1〉 ∩ 〈βpe−1〉 = 1. Since e − f ≤ e − 1, by
Lemma 13(i) we have βp
e−1
= (bkal)p
e−1
= alp
e−1
∈ 〈a〉. Since αp
d−1
= (biaj)p
d−1
= bip
d−1
ajs
for some integer s, we have αp
d−1
/∈ 〈a〉, so 〈αp
d−1
〉 ∩ 〈βp
e−1
〉 = 1.
The proof for the group G = M2(d, e, f) is similar and omitted.
For G = M3(d, e, h, f), if G = 〈α〉〈β〉 is an exact (pd, pe)-bicyclic factorisation of G,
then il− jk 6≡ 0 (mod p). By Lemma 13(iii) G is ph−f -abelian. Since h− f < d, we have
1 = αp
d
= (biaj)p
d
= bip
d
ajp
d
= bp
d(i+jpe−h),
and so i + jpe−h ≡ 0 (mod pe−d). Since 0 < e − h < e − d, we obtain pe−h‖i and
j + i/pe−h ≡ 0 (mod ph−d). Since il − jk 6≡ 0 (mod p), jk 6≡ 0 (mod p). Conversely,
assume the numerical conditions, then it is easy to verify that |α| = pd and |β| = pe. It
suffices to prove 〈α〉∩〈β〉 = 1, or equivalently 〈αpd−1〉∩〈βpe−1〉 = 1. Since G is ph−f -abelian
and h− f ≤ d < h < e, we have
βp
e−1
= (bkal)p
e−1
= bkp
e−1
alp
e−1
= bkp
e−1
= (bd+e−h)kp
h−d−1
= akp
h−1
∈ 〈a〉.
Note that pe−h‖i. Set i = i′pe−c where p ∤ i′. Then
αp
d−1
= (biaj)p
d−1
∈ bip
d−1
〈a〉 = bi
′pd+e−c−1〈a〉.
Since 〈a〉∩〈b〉 = 〈bp
d+e−c
〉, we have αp
d−1
/∈ 〈a〉. Thus 〈αp
d−1
〉∩〈βp
e−1
〉 = 1, as required.
Corollary 15. (i) The number of exact (pd, pe)-bicyclic pairs of the group M1(d, e, f)
is equal to p4e−3(p2 − 1)(p− 1) if d = e, and p3d+e−2(p− 1)2 if d < e.
(ii) The number of exact (pd, pe)-bicyclic pairs of the group M2(d, e, f) is equal to p3d+e−2(p−
1)2.
(iii) The number of exact (pd, pe)-bicyclic pairs of the group M3(d, e, h, f) is equal to
p3d+e−2(p− 1)2.
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Proof. For G = M1(d, e, f), by Lemma 14 if d = e then (biaj , bkal) is a (pe, pe)-bicyclic
pair of G if and only if the matrix
(
i j
k l
)
is invertible in the ring Zpe , so there are
|GL(2, pe)| = p4e−3(p2− 1)(p− 1) such pairs. On the other hand, if d < e then (biaj , bkal)
is a (pd, pe)-bicyclic pair of G if and only if pe−d | j and p ∤ il, in which case the number
of choices for each i, j, k and l is φ(pd), pd, pd and φ(pe), respectively. Multiplying these
gives the desired number in (i). The proof for other cases is similar.
Lemma 16. Let p be an odd prime and n a positive integer, then pn−k+2 divides
(
pn
k
)
for
all 3 ≤ k ≤ n+ 2.
Proof. First it can be easily proved by induction on k that k ≤ pk−2 for all integers k ≥ 3.
Now write k = pek1 where e ≥ 0 and p ∤ k1, and denote the factor pe of k by (k)p. Since
(
pn
k
)
=
pn(pn − 1)(pn − 2) · · · [pn − (k − 1)]
1× 2× · · · × (k − 1)× k
=
pn
k
k−1∏
j=1
pn − j
j
,
and each of the numbers p
n−j
j
(1 ≤ j ≤ k−1) is coprime to p, we have
(
pn
k
)
p
= p
n
(k)p
. Since
(k)p ≤ k ≤ p
k−2, we get pn−k+2 |
(
pn
k
)
, as claimed.
In what follows we determine the automorphisms of the groups in Theorem 12.
Lemma 17. Let G = M1(d, e, f), then the assignment a 7→ b
ras, b 7→ btau extends to an
automorphism of G if and only if one of the following cases occur:
(i) f = e = d and ru− st 6≡ 0 (mod p).
(ii) f < e = d, r ≡ 0 (mod pe−f), t ≡ 1 (mod pe−f) and s 6≡ 0 (mod p).
(iii) d < f = e, u ≡ 0 (mod pe−d) and st 6≡ 0 (mod p).
(iv) d ≤ f < e, u ≡ 0 (mod pe−d), t ≡ 1 (mod pe−f) and s 6≡ 0 (mod p).
(v) f < d < e, r ≡ 0 (mod pd−f), u ≡ 0 (mod pe−d), t ≡ 1 (mod pe−f) and s 6≡ 0
(mod p).
Proof. Set a1 = bras and b1 = btau. Then the assignment a 7→ a1, b 7→ b1 extends to an
automorphism of G if and only if ap
e
1 = b
pd
1 = 1, a
b1
1 = a
1+pf
1 and G = 〈a1, b1〉.
First assume that a 7→ a1, b 7→ b1 extends to an automorphism of G. Set q := 1 + pf ,
then ab11 = a
q
1. Since
ab11 = (b
ras)b
tau = (br)a
u
(as)b
t
= brau(1−q
r)+sqt
and
aq1 = (b
ras)q = brqasσ,
where σ =
∑q
i=1 q
r(i−1), we get br(q−1) = au(1−q
r)+s(qt−σ). But 〈a〉 ∩ 〈b〉 = 1, thus
r(q − 1) ≡ 0 (mod pd), (3)
u(qr − 1) ≡ s(qt − σ) (mod pe). (4)
Note that G = 〈a1, b1〉, so by Burnside’s Basis Theorem ru−st 6≡ 0 (mod p). To simplify
the numerical conditions we distinguish two cases:
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Case (I). d = e. We distinguish two subcases:
If f = d = e then q = 1 and the congruences (3) and (4) are redundant.
If f < d = e then by (3) we have r ≡ 0 (mod pe−f), so st 6≡ 0 (mod p) and by
Lemma 11 we get qr − 1 = (1 + pf)r − 1 ≡ 0 (mod pe). Setting z = qr − 1, then
σ =
qrq − 1
qr − 1
=
1
z
((1 + z)q − 1) =
(
q
1
)
+
q∑
i=2
(
q
i
)
zi−1. (5)
Thus σ ≡ q (mod pe) and hence (4) is reduced to sq(qt−1−1) ≡ 0 (mod pe), which implies
that t ≡ 1 (mod pe−f) by Lemma 11.
Case (II). d < e. Since |b1| = pd we have u ≡ 0 (mod pe−d) and st 6≡ 0 (mod p). In
what follows we distinguish three subcases:
If d < f = e then q = 1 and so (3) and (4) are redundant.
If d ≤ f < e then e+ f − d ≥ e, so u(qr− 1) ≡ 0 (mod pe). As before write z = qr− 1
and expand σ as (5). Note that z ≡ 0 (mod pf ). Since 2f ≥ d + f ≥ e, we have(
q
i
)
zi−1 ≡ 0 (mod pe) for all i ≥ 2, and hence σ ≡ q (mod pe). Therefore (4) is reduced
to sq(qt−1 − 1) ≡ 0 (mod pe), which implies that t ≡ 1 (mod pe−f).
Finally, if f < d < e, then by (3) r ≡ 0 (mod pd−f ), so by Lemma 11 we get qr−1 ≡ 0
(mod pd), and hence u(qr− 1) ≡ 0 (mod pe). As before write z = qr− 1 and expand σ as
(5). Then
(
q
i
)
zi−1 ≡ 0 (mod pe) for all i ≥ 2, so σ ≡ q (mod pe). Therefore (4) is reduced
to sq(qt−1 − 1) ≡ 0 (mod pe), which implies that t ≡ 1 (mod pe−f).
Conversely, in each case if the numerical conditions are fulfilled, then it is straight-
forward to verify that the above assignment extends to an automorphism of G, as re-
quired.
Corollary 18. Let M1(d, e, f) be the group given by Theorem 12. Then
|Aut(M1(d, e, f))| =


p4e−3(p2 − 1)(p− 1), f = e = d,
p2(e+f)−1(p− 1), f < e = d,
p3d+e−2(p− 1)2, d < f = e,
p3d+f−1(p− 1), d ≤ f < e,
p2(d+f)−1(p− 1), f < d < e.
Proof. If f = e = d, then by Lemma 17(i) the size of Aut(M1(e, e, e)) is equal to the
number of invertible matrices
(
r s
t u
)
with entries in Zpe, which is p4e−3(p2 − 1)(p− 1).
In what follows the size of Aut(M1(d, e, f)) for the remaining cases is determined by
multiplying the numbers of choices for the parameters r, s, t and u. By Lemma 17(ii)–(v),
we have the following:
If f < e = d, then the number of choices for each r, s, t and u is pf , φ(pe), pf and pe,
respectively.
If d < f = e, then the number of choices for each r, s, t and u is pd, φ(pe), φ(pd) and
pd, respectively.
If d ≤ f < e, then the number of choices for each r, s, t and u is pd, φ(pe), pd+f−e and
pd, respectively.
If f < d < e, then the number of choices for each r, s, t and u is pf , φ(pe), pd+f−e and
pd, respectively.
Lemma 19. Let M2(d, e, f) and M3(d, e, h, f) be the groups given by Theorem 12, then
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(i) the assignment a 7→ bras, b 7→ btau extends to an automorphism of M2(d, e, f) if and
only if r ≡ 0 (mod pe−f), s 6≡ 0 (mod p) and t ≡ 1 (mod pd−f).
(ii) the assignment a 7→ bras, b 7→ btau extends to an automorphism of M3(d, e, h, f) if
and only if r ≡ 0 (mod pd+e−h−f), s ≡ 1 + upe−h (mod ph−d), t ≡ 1 (mod pd−f )
and r ≡ (t− 1)pe−h (mod pe−f).
Proof. Denote a1 = bras and b1 = btau, and write q = 1 + pf .
(i) First assume that the assignment a 7→ a1, b 7→ b1 extends to an automorphism of
G = M2(d, e, f), then in terms of a1 and b1 the group G has the presentation
G = 〈a1, b1 | a
pd
1 = b
pe
1 = 1, a
b1
1 = a
q
1〉.
By Lemma 13(ii) the group G is pd−f -abelian, so 1 = ap
d
1 = b
rpdasp
d
= asp
d
, and hence
r ≡ 0 (mod pe−d). By Burnside’s Basis Theorem, ru−st 6≡ 0 (mod p), so st 6≡ 0 (mod p).
Moreover,
ab11 = (b
ras)b
tau = (br)a
u
(as)b
t
= br[br, au](as)b
t
∈ br〈a〉
and
aq1 = (b
ras)q ∈ brq〈a〉,
so from the relation ab11 = a
q
1 and the fact 〈a〉 ∩ 〈b〉 = 1 we deduce that b
rq = br. Thus
r(q − 1) ≡ 0 (mod pe), and hence r ≡ 0 (mod pe−f). By Lemma 13(ii), br ∈ Z(G), so
brasq
t
= ba11 = (a1)
q = brqasq, and hence br(q−1) = asq(q
t−1−1). Since 〈a〉 ∩ 〈b〉 = 1, we get
sq(qt−1 − 1) ≡ 0 (mod pd). Therefore t ≡ 1 (mod pd−f ).
Conversely, if the numerical conditions are fulfilled, then it is straightforward to verify
that the assignment extends to an automorphism of G.
(ii) First assume that the assignment a 7→ a1, b 7→ b1 extends to an automorphism of
G = M3(d, e, h, f), then
G = 〈a1, b1 | a
ph
1 = 1, b
pd+e−h
1 = a
pd
1 , a
b1
1 = a
q
1〉,
where q := 1 + pf . By Lemma 13(iii) G is ph−f -abelian. Since h− f ≤ d < h, we have
1 = ap
h
1 = (b
ras)p
h
= brp
h
asp
h
= brp
h
,
so r ≡ 0 (mod pe−h). Since ru− st 6≡ 0 (mod p), we obtain st 6≡ 0 (mod p).
Moreover, we have
ab11 = (b
ras)b
tau = (br)a
u
(as)b
t
= brau(1−q
r)+sqt ,
aq1 = (b
ras)q = brqasσ,
where σ =
∑q
i=1 q
r(i−1), so from the relation bp
d+e−h
1 = a
pd
1 we deduce that
br(q−1) = au(1−q
r)+s(qt−σ). (6)
Since 〈a〉 ∩ 〈b〉 = 〈bp
d+e−h
〉 = 〈ap
d
〉, we get
r(q − 1) ≡ 0 (mod pd+e−h), (7)
u(qr − 1) ≡ s(qt − σ) (mod pd). (8)
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Upon substitution (6) is transformed to
au(1−q
r)+s(qt−σ) = br(q−1) = (bp
d+e−h
)rp
f+h−e−d
= arp
f+h−e
,
which implies that
u(1− qr) + s(qt − σ) ≡ rpf+h−e (mod ph). (9)
By (7) we get r ≡ 0 (mod pd+e−h−f). Setting z = qr − 1, then
z = (1 + pf)r − 1 =
(
r
1
)
pf +
r∑
i=2
(
r
i
)
pif .
For all i ≥ 2 by Lemma 16 we have pd+e−h−f−i+2+if |
(
r
i
)
pif ; since d+e−h−f−i+2+if ≥
d − f − (i − 2) + if = d + f + (i − 2)(f − 2) ≥ d + f ≥ h, we get
(
r
i
)
pif ≡ 0 (mod ph),
and so z = qr − 1 ≡ rpf (mod ph). It follows that
σ =
qrq − 1
qr − 1
=
1
z
((1 + z)q − 1) =
(
q
1
)
+
(
q
2
)
z +
q∑
i=3
(
q
i
)
zi−1 ≡ q (mod ph)
and so (8) and (9) are reduced to
sq(qt−1 − 1) ≡ 0 (mod pd), (10)
sq(qt−1 − 1) ≡ rpf+h−e(1 + upe−h) (mod ph). (11)
By Lemma 11 we deduce from (10) that t ≡ 1 (mod pd−f). Hence
qt−1 − 1 = (1 + pf)t−1 − 1 =
(
t− 1
1
)
pf +
t−1∑
i=2
(
t− 1
i
)
pif ≡ (t− 1)pf (mod ph),
and consequently, (11) is reduced to
sq(t− 1)pf ≡ rpf+h−e(1 + upe−h) (mod ph). (12)
We proceed to consider the relation bp
d+e−h
1 = a
pd
1 . By Lemma 13(iii) G is p
h−f -
abelian. Since h − f ≤ d ≤ d + e − h, we have bp
d+e−h
1 = (b
tau)p
d+e−h
= btp
d+e−h
aup
d+e−h
and ap
d
1 = (b
ras)p
d
= brp
d
asp
d, and so
a(s−up
e−h)pd = btp
d+e−h−rpd = (bp
d+e−h
)t−rp
h−e
= a(t−rp
h−e)pd.
Thus
(s− upe−h)pd ≡ (t− rph−e)pd (mod ph). (13)
Write r = r1pd+e−h−f and t = 1+ t1pd−f . Recall q = 1+ pf and h− d ≤ f . Then (12) and
(13) are reduced to
st1 ≡ r1(1 + up
e−h) (mod ph−d), (14)
s ≡ 1 + upe−h + (t1 − r1)p
d−f (mod ph−d). (15)
Substituting 1+upe−h+(t1− r1)pd−f for s in (14) we obtain (t1− r1)(1+upe−h+ pd−f) ≡
0 (mod ph−d), thus r1 ≡ t1 (mod ph−d) (or equivalently, r ≡ (t − 1)pe−h (mod pe−f)).
Therefore (15) is reduced to s ≡ 1 + upe−h (mod ph−d).
Conversely, if the numerical conditions are fulfilled, then it is straightforward to verify
that the above assignment extends to an automorphism of G, as required.
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Corollary 20. Let M2(d, e, f) and M3(d, e, h, f) be the groups given by Theorem 12.
Then
(i) |Aut(M2(d, e, f))| = pd+e+2f−1(p− 1).
(ii) |Aut(M3(d, e, h, f))| = p2d+e+2f−h.
Proof. (i) By Lemma 19(i), the number of choices for each r, s, t and u is pf , pd−1(p− 1),
pe+f−d and pd, respectively, and multiplying these gives the desired number.
(ii) Note that r, t ∈ Zpd+e−h and s, u ∈ Zph. By Lemma 19(ii), we may write r =
r1p
d+e−h−f and t = 1+ t1pd−f where r1 ∈ Zpf and t1 ∈ Zpe+f−h, so the congruence r ≡ (t−
1)pe−h (mod pe−f) is reduced to r1 ≡ t1 (mod ph−d). Thus for each r1 ∈ Zpf the number
of choices for t1 ∈ Zpe+f−h such that r1 ≡ t1 (mod ph−d) is equal to pd+e+f−2h, and for each
u ∈ Zph the number of choices for s ∈ Zph such that s ≡ 1+upe−h (mod ph−d) is equal to
pd. Consequently, the desired number is the product pfpd+e+f−2hphpd = p2d+e+2f−h.
5 Enumeration
In this section we calculate the number of isomorphism classes of reciprocal pairs of
(pd, pe)-complete regular dessins.
The following result deals with the particular case d = e where symmetric dessins may
appear.
Lemma 21. For each e ≥ 1, up to isomorphism there are p2(e−1) regular dessins with
underlying graphs Kpe,pe, of which the number of symmetric ones is p
e−1.
Proof. By Theorem 12 the automorphism group of a (pe, pe)-complete regular dessin is
isomorphic to G := M1(e, e, f) for some integer f , where 1 ≤ f ≤ e. By Corollary 15 the
number of exact (pe, pe)-bicyclic triples of G is p4e−3(p2 − 1)(p− 1), and by Corollary 18,
|G| = p4e−3(p2 − 1)(p − 1) if f = e, and |Aut(G)| = p2(e+f)−1(p − 1) if f < e. Thus by
Proposition 5 for each fixed f , up to isomorphism the number of (pe, pe)-complete regular
dessins with automorphism group isomorphic to G is 1 if f = e, and p2e−2f−2(p2 − 1) if
1 ≤ f < e. Summing up we obtain the total number of (pe, pe)-complete regular dessins
(up to isomorphism):
1 +
e−1∑
f=1
p2e−2f−2(p2 − 1) = p2(e−1).
By [20, Theorem 1] exactly pe−1 of these are symmetric, as claimed.
Combining Proposition 5 with Corollary 15, 18 and 20 we immediately obtain the
following three results.
Lemma 22. Let d < e, then for each fixed f , up to isomorphism the number ν1(d, e, f) of
reciprocal pairs of (pd, pe)-complete regular dessins with automorphism group isomorphic
to M1(d, e, f) is
ν1(d, e, f) =


1, if 1 ≤ d < f = e,
pe−f−1(p− 1), if 1 ≤ d ≤ f < e ≤ d+ f,
pd+e−2f−1(p− 1), if 1 ≤ f < d < e ≤ d+ f .
Lemma 23. Let d < e, then for each fixed f , 1 ≤ f < d < e, up to isomorphism the num-
ber ν2(d, e, f) of reciprocal pairs of (p
d, pe)-complete regular dessins with automorphism
group isomorphic to M2(d, e, f) is p
2d−2f−1(p− 1).
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Lemma 24. Let d < e, then for fixed h and f , h − d ≤ f < d < h < e, up to
isomorphism the number ν3(d, e, h, f) of reciprocal pairs of (p
d, pe)-complete regular dessins
with automorphism group isomorphic to M3(d, e, h, f) is p
d+h−2(f+1)(p− 1)2.
Now we are ready to prove the main result of the paper.
Proof of Theorem 1: Let G denote the automorphism group of a (pd, pe)-complete
regular dessin. If d = 0 then G is a cyclic p-group of order pe, so by Example 1 ν(d, e) = 1.
If 1 ≤ d = e, then by Lemma 21, the number of nonsymmetric dessins is p2(e−1)− pe−1, so
ν(d, e) = pe−1 +
1
2
(p2(e−1) − pe−1) =
1
2
pe−1(1 + pe−1).
In what follows we assume that 1 ≤ d < e. We distinguish four cases:
Case (1). 1 = d < e. By Theorem 12 G ∼= M1(1, e, f) where the numerical conditions
are reduced to 1 ≤ f ≤ e ≤ 1 + f . Thus either f = e − 1 or f = e. By Lemma 22
ν(d, e) = ν1(d, e, e− 1) + ν1(d, e, e) = (p− 1) + 1 = p.
Case (2). 1 < d = e− 1. By Theorem 12 either G ∼= M1(e− 1, e, f) where 1 ≤ f ≤ e, or
G ∼= M2(e− 1, e, f) where 1 ≤ f < e− 1. By Lemma 22 and 23 we get
ν(e− 1, e) =
∑
1≤f≤e
ν1(e− 1, e, f) +
∑
1≤f<e−1
ν2(e− 1, e, f)
= 1 + (p− 1) +
∑
1≤f<e−1
p2(e−1)−2f (p− 1) +
∑
1≤f<e−1
p2(e−1)−2f−1(p− 1)
= p+ (p− 1)(p2e−2 + p2e−3)
∑
1≤f<e−1
p−2f
= p2e−3.
Case (3). 1 < d < e − 1 and e < 2d. Combing the hypothesis with the numerical
conditions in Theorem 12 we see that the following subcases may happen: (3.1) G ∼=
M1(d, e, f) where e − d ≤ f ≤ e; (3.2) G ∼= M2(d, e, f) where 1 ≤ f < d; (3.3) G ∼=
M3(d, e, h, f) where d < h < e and h− d ≤ f < d. Thus, by Lemma 22, 23 and 24, we
have
ν(d, e) =
∑
e−d≤f≤e
ν1(d, e, f) +
∑
1≤f<d
ν2(d, e, f) +
∑
d<h<e
∑
h−d≤f<d
ν3(d, e, h, f)
=1 +
∑
d≤f<e
pe−f−1(p− 1) +
∑
e−d≤f<d
pd+e−2f−1(p− 1) +
∑
1≤f<d
p2d−2f−1(p− 1)
+
∑
d<h<e
∑
h−d≤f<d
pd+h−2(f+1)(p− 1)2
=pe−d +
1
p+ 1
(p3d−e+1 − pe−d+1) +
1
p + 1
(p2d−1 − p) +
1
p+ 1
(p2d − p3d−e+1 − pe−d + p)
=p2d−1.
Case (4). 1 < d < e−1 and e ≥ 2d. By Theorem 12 the following subcases may happen:
(4.1) G ∼= M1(d, e, f) where e − d ≤ f ≤ e; (4.2) G ∼= M2(d, e, f) where 1 ≤ f < d;
(4.3) G ∼= M3(d, e, f) where d < h < 2d and h− d ≤ f < d. Thus, by Lemma 22, 23 and
24, we have
ν(d, e) =
∑
e−d≤f≤e
ν1(d, e, f) +
∑
1≤f<d
ν2(d, e, f) +
∑
d<h<2d
∑
h−d≤f<d
ν3(d, e, f)
= pd +
1
p+ 1
[(p2d−1 − p) + (p2d − p1+d − pd + p)] = p2d−1.
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Finally, for each (pd, pe)-complete regular dessin D = (G,α, β) where (α, β) is an
exact (pd, pe)-bicyclic pair of G given by Lemma 14, to determine its type (|α|, |β|, |αβ|)
it suffices to evaluate |αβ|. It is easy to check that in all cases |αβ| = pe. The genus of D
follows from Euler-Poincaré formula.
Remark 2. Let (ϕ, ϕ∗) be a pair of skew-morphisms ϕ and ϕ∗ of the cyclic groups Zn
and Zm, and π and π∗ the associated power functions, respectively. The skew-morphism
pair (ϕ, ϕ∗) will be called reciprocal if they satisfy the following conditions:
(i) the orders of ϕ and ϕ∗ divide m and n, respectively,
(ii) π(x) = −ϕ∗−x(−1) and π∗(y) = −ϕ−y(−1) are power functions for ϕ and ϕ∗,
respectively.
In [11, Theorem 6] the authors establish a one-to-one correspondence between the iso-
morphism classes of reciprocal pairs of (m,n)-regular dessins and reciprocal pairs (ϕ, ϕ∗)
of skew-morphisms ϕ and ϕ∗ of the cyclic groups Zn and Zm. Therefore, Theorem 1 also
gives rise to the number of reciprocal pairs of skew-morphisms ϕ and ϕ∗ of the cyclic
groups Zpd and Zpe for odd prime p.
Acknowledgement
The first and third author was partially supported by Natural Science Foundation of Zhe-
jiang Province (No. LY16A010010, LQ17A010003), and the second author was supported
by projects P202/12/G061 of the Czech Science Foundation and APVV-15-0220 of the
Slovak Agency for Research and Development.
References
[1] G.V. Belyˇı, Galois extensions of a maximal cyclotomic field, Izv. Akad. Nauk. SSSR
Ser. Mat. 43 (1979) 267–276
[2] M.D.E. Conder, G.A. Jones, M. Streit and J. Wolfart, Galois actions and regular
dessins of small genera, Rev. Mat. Iberoam. 29 (2013) 163–181
[3] D. Corn, D. Singerman, Regular hypermaps, European J. Combin. 9 (1988) 337–351
[4] A.D. Coste, G.A. Jones, M. Streit and J. Wolfart, Generalised Fermat hypermaps
and Galois orbits, Glasgow Math. J. 51 (2) (2009) 289–299
[5] S.F. Du and K. Hu, Skew-morphisms of the cyclic 2-groups, preprint
[6] S.-F Du, G.A. Jones, J.H. Kwak, R. Nedela and M. Škoviera, Regular embeddings
of Kn,n where n is a power of 2. I: Metacyclic case, European J. Combin. 28 (2007)
1595–1609
[7] S.-F Du, G.A. Jones, J.H. Kwak, R. Nedela and M. Škoviera, Regular embeddings of
Kn,n where n is a power of 2. I: The non-metacyclic case, European J. Combin. 31
(2010) 1946–1956
[8] W. Fan and C.H. Li, The complete bipartite graphs with a unique edge-transitive
embedding, J. Graph Theory, wileyonlinelibrary.com/journal/jgt, 2017
15
[9] W. Fan, C.H. Li and H.P. Qu, A classification of orientably edge-transitive circular
embeddings of Kpe,pf , Annals of Combinatorics, 22(1) 135–146.
[10] W. Fan, C.H. Li and N.E. Wang, Edge-transitive uniface embeddings of bipartite
multi-graphs, J. Algebr. Comb., https://doi.org/10.1007/s10901-018-0821-7.
[11] Y. Feng, K. Hu, R. Nedela, M. Škoviera and N.-E Wang, Complete regular dessins
and skew-morphisms of cyclic groups, preprint
[12] G. González-Diez and A. Jaikin-Zapirain, The absolute Galois group acts faithfully
on regular dessins and on Beauville surfaces, Proc. London Math. Soc. 111(4) (2015),
775–796
[13] J.E. Graver and M.E. Watkins, Locally finite, planar, edge-transitive graphs, Mem.
Amer. Math. Soc. 126 (1997), no. 601
[14] A. Grothendieck, Esquisse d’un programme, in: L. Schneps and P. Lochak (eds.),
Geometric Galois actions 1. The inverse Galois problem, Moduli Spaces and Mapping
Class Groups, London Math. Soc. Lecture Notes Ser. 242, pp. 5–48, Cambridge Univ.
Press, Cambridge, 1997
[15] K. Hu, R. Nedela, N.-E Wang, Branched cyclic regular coverings over platonic maps,
European J. Combin. 36 (2014) 531–549
[16] B. Huppert, Endliche Gruppen (Vol. 1), Springer-Verlag, Berlin, 1967
[17] G.A. Jones, Regular embeddings of complete bipartite graphs: classification and
enumeration, Proc. Lond. Math. Soc. 101 (3) (2010) 427–453
[18] G.A. Jones, Bipartite graph embeddings, Riemann surfaces and Galois groups, Dis-
crete Math. 338 (2015), 1801–1913
[19] G.A. Jones, R. Nedela and M. Škoviera, Complete bipartite graphs with a unique
regular embedding, J. Combin. Theory Ser. B 98 (2) (2008) 241–248
[20] G.A. Jones, R. Nedela and M. Škoviera, Regular embeddings of Kn,n where n is an
odd prime power, European J. Combin. 28 (6) (2007) 1863–1875
[21] G.A. Jones and D. Singerman, Belyˇı functions, hypermaps and Galois groups, Bull.
London Math. Soc. 28 (1996) 561–590
[22] G.A. Jones, M. Streit and J. Wolfart, Galois action on families of generalised Fermat
curves, J. Algebra, 307 (2007) 829–840
[23] J.H. Kwak and Y.S. Kwon, Regular orientable embeddings of complete bipartite
graphs, J. Graph Theory, 50 (2005) 105–122.
[24] J.H. Kwak and Y.S. Kwon, Classification of reflexible regular embeddings of self-
Petrie dual regular embeddings of complete bipartite graphs, Discrete Math. 308
(2008) 2156–2166.
[25] S.K. Lando and A.K. Zvonkin, Graphs on Surfaces and their Applications, Ency-
clopaedia Math. Sci. 141, Springer-Verlag, Berlin, 2004.
[26] R. Nedela, M. Škoviera and A. Zlatoš, regular embeddings of complete bipartite
graphs, Discrete Math. 258 (2002) 379–381.
16
[27] M.-Y. Xu and H.-P. Qu, Finite p-Groups (in Chinese), Peking University Press,
Beijing, 2010
[28] H. Zassenhaus, The Theory of Groups, Chelsea Publishing Co., New York, 1949.
17
